Dynamics and Kinetics. Exercises 11-12: Solutions

Problem 1

We want to use the TST to estimate the rate constant for the reaction H + HBr — H, + Br.
We know from the class that

ksT ¢ T &t )
kst = Nay2o — W o~/keT _ N, BBE AV o—egu/koT
h  qvuqvHB: h  GvugvHB:

See Fig. 2.
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Figure 1: Transition state

(1) First of all we consider the reactants: H + HBr.

Masses:

my = 1.674 x 10~ %"kg,

My + Mg, _ (1.008 +79.92) x 103

Na a 6.022 x 1023 g = 1.338 x 10~ ?%kg.

MHBr =

Moment of inertia of HBr:

79.92

MH * MBr
1.008 + 79.92

I=npd?=

= d%4g, = 1.674x10"%"kgx
mH + mp: HBr g

x(1.414x1071%)?m? = 3.306x10"*"kg m 2.

(2) Now, let us consider the collinear transition state H---H - -Br:
Mass:

m:= 2mu + mp. = 1.37 X 10-2kg.



Center of mass (see Fig. 3):

_ mpy X 292 + my x 150

muz + my(z — 150) = mp, (150 + 142 — z) = @ 2mu + ma,

= 283.3 pm.

Therefore the moment of inertia is
L= (mu X 283.324+ mp X 133.32 + mp, X 8.72)pm?2 = 1.74 X 10~6kg m2.

(3) Itis now possible to compute the partition functions:

For the H atom we have
2rmukeT

3/2
qVH = qQVH = QVHtr = <—h3 > =9.90 x 10¥m™?
For molecule HBr we have
GV.HBr = ¢V,HBr,wqHBr,rotHBr,vib,

where ¢y uBr« and gus.oc do not have a ZPE (it is exactly zero), while we get Gus:ib by measuring energies from
the ZPE levels:

2 kpT\
qQVHBr tx = (%) =7.10 x 10%2m™3,
82 IuprkpT
gHBr,rot = —h2r = 24.6,
L _~1s LY
gHBr,vib = 1_e-c ~ smce T = kBT = .

Hence
Gvuse= 7.10 X 1032m=3X 24.6 X [ = 1.75 X 103*m3,
For the transition state H - 'H -- ‘Br we have

% I oAt
\2 qV,trqrotqvib’

where qi,tr and qi:ot,t 7V do not have a ZPE (it is exactly zero), while we get ﬁib by measuring energies from

the ZPE levels. It is now easy to compute the quantities that we need:

2rmykpT\ /2
¢ = (m) = 7.32 x 10%m 3,

h3
8m2ItkgT
4, = = 1297,
my my Mg,

150 pm 142 pm
@ < d > @ « g > @

e
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Figure 2: Center of mass



Since zgg = 28 = 11.2 and Tpepq = 2<lbend = 2,19, we get
k1 %] g

it = ! =1.27
Dvib (1 —eoss)(1— e—ftbend)2 '

Altogether, the TS partition function is

G =732 x 10%m ™% x 129 x 7 x 1.27 = 1.21 x 10 m~3

(4) Collecting all the intermediate results for partition functions, the T'ST rate constant is

finally
kT G 0 o
krst = Nay V. ~au/ks
h  Gvugv uBr
2 1.38 x 10723 x 300 1.21 x 103 ad .
_ 23 —5000/(8.314x300) .. 3.—1. 1—1
= 002X O T 9 X 0T X LT 10T s ol
= 3.54 x 10°m3mol ~'s™! = 3.54 x 10°M s~ 1L,
Problem 2

q;f,tr = 1032m-3
qi:ot =10

~f
Qip — 1

A + B—C — A--B--C —  products
O O—0O O--0--0
Reactants:
gV, A= qVitr — [atom: only translations]
qv.B= qvuqovib b [diatom: 3 translations, 2 rotations, 1 vibration.]
Transition state: R IN—6=3

2
dy = Qv tr9rotDvib
Explanation: It is a linear molecule so we have 3 translations, 2 rotations, 3N — 5 vibrations, but 1 vibration

becomes reaction coordinate! = 3N — 6 vibrations remain in the transition state.

Rate constant kpT qi
g V

0
A 0 /kpT
krst = Nay h e~ /ks

qv,Aqv,B

. 2 3
kT qvurotQyin o= /kpT

- NAV 2
h Qv Qv Qo Qb
: 2
= Nj ]“BT 4yip (,—E“/L:BT
— Ny B2 vib
h qvx



We are given §u, = 1, not guin.

- %hu/kBT ~

Since qvi, =€ Qvib -, we have

0 . m
_(3_5@\1/’”31

where

Pre-exponential factor is

f kgT %, RT 12 8.314 x 300 x 10732
— ~ Avib _ 7 — : m
: AT v h 10%2m-3 6.63 x 10-34

= 3.76 x 107dm>®mol !s~!

1

mol~'s™

Problem 3

Given the reaction Ho + Do — 2HD, the equilibrium constant is:

2
K. — _HD
eq = .
qQv,H,4qV,D,

Note that in this case Keq= Av= Kk, = K. = K,since Ay = v+ vpe+vup=—1 — 1 + 2 = 0.

The partition functions per unit volume for Hy, Dy and HD are:



Symetry factor

A x
(2rkpT)®? 35 "1 8a2kpT e 2
qVH, = qQVtr X Qrot X Qvib = T sMmy, X 3 T2 Iy, x 1_67_%
zD
o2nkpT)®? 35 1 8m%kpT e 2
qQv,D2 = qQV,tr X Grot X Qyib = % 'mD/2 X 5 2 - Ip, X 1—_ 22
zHp
(2mkpT)%? 39 872kpT e 2
qvHD = qv,itr X Qrot X Qvib = S I s Myp X Rz Iyp X 1— e—amp’
= r’ump

._ _h . . . .. . . .
where / = yr2and T = ch—VT . Substituting the translational and rotational partition functions in the expression

for K.y, we find

2 3/2 2
K. — (&) % 4 HHD 9yib,HD
eq — .
2 2 2 2 vib, vib,
MH,MD HHy 4D Qvib,H, vib,D,

Note that many terms in the translational and rotational partition functions cancel out. In particular, in the
Born-Oppenheimer approximation, the bond length 7 is the same for the 3 molecules. Let us compute the
required ingredients:

® My, = 2my, MmMp, =2mp, MHD = MH+ MD

_ mygmy _ myg _ mpmp _ mp __ _mygmp
® UH, = mu+myg 2 UD, = mp+mp 2 ? HHD = mu+mp

e ry, =20.99, zp, =1485, zxyp =18.18

® quibi, = 2.77x107%,  quipp, =5.97x107%,  gupup = 1.13 x 1074,

Substituting the ingredients and using the fact that mp = 2mn, we find:

2
K. — (mu+mp)® (mump)?4 @i 1D
7 (4mump)3/2 " (mu + mp )>MEMD Guib, H, Gvib,D,
_ 4 (mu+mp) %4ib,HD _ 4 y 3 y (1.13 x 1074)2 3966
2(mump)Y/2 quibH,qvibp, ~——~— _ 2:21/2 T 277x1075.597x 104 7
symmetry  mass effects mostly ZPE
(trans. and rot.)

Problem 4

Reaction 1: Eq1 = Eq, AS%O;
Reaction 2: Eqg = Eq1 = Eq, ASY = AS¥ + 50JK 'mol-!
Using the general thermodynamic formulation of TS'T for a reaction of any order, we have

PR kl}?lT( (°)Ant ¢~ AGH RT _ kl;?lT (c°)Ant (AS¥ /R AH/RT



where ¢’ = Imol - dm31s the standard-state molar concentration.
Relating T'ST to the Arrhenius law by setting

krsT = Ae~Ea/RT

we found that the activation energy is related to the standard enthalpy of activation by

E,= AHY + (1 — Aw)RT

with the pre-exponential factor
A— kpT (CO)Anie—(Ani—l)eASio/R
h (2)

Considering that the reactions are of the same order, 1.e., Antis the same in both cases, the ratio of the rate constants
s

krst2 (1) Age~Fa/RT Ea1=Ea> A2 @ o(ASF—ASI?)/R _ 50/8:314 _ 409

krsty  Aje~Eo/RT Ay

Problem 5
We know krst= 2.34 X 10~2dm3mol-'s~!, £, = 150k]/mol, and that the order of reaction n=2

* AGY: From TST:

k T o
kps = ?l (Cc)l—ne—AGI /RT

where ¢’ = 1mol -dm~3is the standard-state molar concentration (note that it is necessary to keep consistency
in the units).

kTSThCO
kT

AG* = —RTIn ( ) = 190.4kJ /mol
e AHY: From the expression for the activation energy:
E.,= AHY + (1 — An?)RT,; AR =1t = teac = 1 — 2 =—1
(since there are two molecules of reactants and 1 molecule of T'ST)
AHY = E,— 2RT = 138.8k]/mol

e ASY: We know that
AH¥ — AGY¥

G=H-1TS ﬁASiOZ#:_76_6J. mol-! - K-!

e A: From krst = Ae~E/RTwe easily find that

A = kypgpePe/BT = 1,03 x 101°M 15!



